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TOPOLOGICAL FEATURES OF CRITICALITY IN ISING FRACTAL LATTICES

INTRODUCTION

The Ising model?l can be used to study the ferromagnetic behavior that some
materials present. It consists in spins that can assume two possible configurations in
only one direction. These configurations are regulated by temperature and magnetic
field. The critical temperature (T.) sets where the ferromagnetism state turns to
paragmagnetism. Fractals latticesP*IPIPl  expand the perspective of how this
magnetism behaves, offering topological features such as fractal dimension (Ds),
lacunarity (L) and average coordination number (z). With this features, we present the
role of geometric properties in the critical behavior of magnetism.

METHODS

Image 1 - Some of the studied fractal lattices.

We simulated several fractal lattices to obtain their critical temperatures. The Ising

Hamiltonian:
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The Tc was evaluated through magnetization, magnetic susceptibility, internal
energy and specific heat. The lattices were simulated by Monte Carlo method using
Wolff cluster algorithm. Furthermore, we used known results of non-fractals lattices
as adjuster to the simulated fractals.
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Magnetic suscetibility and specific heat:
X = B[(m?) — (m)?]
C = p[(U?) —(U)"]

The Wolff cluster algorithm consists in evaluate the magnetic behavior of the lattice
using a cluster flipping system. This algorithm is summarized in the diagram below:
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RESULTS

The obtained results were, firstly, evaluated separately to each topological feature:
fractal dimension and average coordination number, as follows:
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Images 2a and 2b - Fractal dimension (a) and average coordination number (b) with respect to Tc.

With these topological features considered, we can see the dependence among the
Tc and its geometric properties. Lacunarity quantifies the emptiness of a lattice. It is
used to distinguish two objects with the same D; and z. These all features were used
to describe a general law for the critical temperature:
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Images 2a e 2b - Relation beteween Df and Tc for L=0(a) e L=1(b).

DISCUSSION

The relation between geometry and nature was considered by Mandelbrot since the
60'sl”). However, this connection is not yet very understood. Here we presented how
geometric characteristics can be related to the magnetic critical behavior. This results
suggests a strong influence between temperature and the topological features of
every lattice.

Despite the coeficients of the presented equation are not yet very clear, this results
were expected since Df and z are related to the amount of interactions among the
spins.

Fractals expand the geometric viewpoint of criticality, possibiliting new
configurations to study. Its presence in the natural world suggests a deep
understanding that has to be considered.
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